Recent developments in modeling of the stress derivative of magnetization in ferromagnetic materials The effect of changing stress on the magnetization of ferromagnetic materials leads to behavior in which the magnetization may increase, or decrease, when exposed to the same stress under the same external conditions. A simple empirical law seems to govern the behavior when the magnetization begins from a major hysteresis loop. The application of the law of approach, in which the derivative of the magnetization with respect to the elastic energy supplied dMldW is proportional to the magnetization displacement M,--M, is discussed.
Previous work on the development of model theories of the magnetization processes in ferromagnetic materials have concentrated on the description of hysteresis1>2 and the changes in hysteresis curves which result from constant applied stress.3" The magnetomechanical effect, which is defined as the change in magnetization of a magnetic material resulting from a changing applied stress under a constant applied field, has been reported occasionally,617 but the effects have appeared to be very complex. For example, in the closely related works of Craik and Wood8 and of Birss, Paunce, and Isaac,' the experimental results were obtained by applying different stresses to various polycrystalline magnetic materials in the presence of a small constant magnetic field. As noted by Craik and Wood, there were many features in the results which cannot be reconciled with the previous theory of Br0wn.r ' Birss,'r Schneider and Charlesworth," and Finbowl have mentioned the prediction of Brown' s theory that the changes in magnetization should be independent of the sign of the stress (i.e., symmetric with stress), which is contrary to the experimental results presented in these articles. The "wall pressure" theory developed by Brown, and later by Brugel and Rimet,r4 predicts that the magnetization remains constant as the stress is reduced from its maximum amplitude. This was termed the "horizontal fly-back" by Birss and co-workers,g which is known to be at variance with experimental observations, as shown by Schneider and Richardson" and Schneider and Semcken, r6 as well as in the results of Craik and Wood,s Birss and co-workers, ' and Jiles and Atherton.17 Following the observation by Bozorth and Williams6 that the magnetization curve of Permalloy 68, obtained after application of a magnetic field followed by stress of 39 MPa (4 kg mm-'), was "as closely as it was possible to tell, identical to the anhysteretic magnetization curve," it was suggestedI that the main effect of stress cycling on the magnetization causes it to approach the anhysteretic.
The concept of the law of approach was tested by Pitman18 and later by Maylin and Squire.lg The results, according to Pitman, seemed to confirm the law of approach, with the results from positive and negative remanence being mirror images of each other, while the amplitude of the change in magnetization was found to be much reduced when the point on the initial magnetization curve was close to the demagnetized state.
The results Maylin and Squire substantiated these results for locations beginning from the major loop; however, for locations beginning on a minor (i.e., asymmetric) loop, the law of approach, if it was operative, did not seem to pertain to the principal anhysteretic magnetization. There are probably three factors which determine the magnitude and sign of the magnetomechanical effect: (i) how far the prevailing magnetization is above or below the anhysteretic (the displacement): (ii) how sensitive this displacement is to stress (the rate of decayj; and (iii) how the anhysteretic changes with stress.
As described in previous work3 an applied uniaxial stress acts on a multidomain polycrystalline material like an applied magnetic field operating through the magnetostriction, and this additional "effective field" can be described by (1) Therefore, if the magnetostriction h can be described as a function of magnetization and stress, the anhysteretic magnetization at field H and stress u becomes identical to the anhysteretic at field H + H, and zero stress,
where the effects of stress have been incorporated into the effective field. A reasonable first approximation to the magnetostriction of iron can be obtained by using the series expansion
which enables the derivative dhldM to be calculated. The stress dependence of the magnetostriction curve h(M,u) can be described from the stress dependence of the coefficients yi. Using a Taylor series expansion,
where s(O) is the nth derivative of yi with respect to stress at a=O. The stress dependence of the anhysteretic magnetization curve can be determined from 
The predictions of the present mode equation for the stress dependent anhysteretic are shown in Fig. 1 for selected values of the model parameters. It is clear from these results that there is good agreement with the experimental results of Jiles and Atherton.
The magnetization may increase or decrease when exposed to the same stress under the same external conditions. This indicates that the phenomenon is dependent on more than simply the external effects of stress and field. In fact the behavior depends on the magnetization history of the specimen.
We have now two factors to consider: the displacement from the anhysteretic and the change in elastic energy. The proposition which we wish to test is that the derivative of the magnetization with the change in elastic energy supplied W obeys a law of approach, (6) where now 5 is a decay coefficient which has units of J rne3. The change in elastic energy supplied to the material when the stress is changed from cro to (+ is where E is the elastic modulus. Therefore, substituting 2 dW= -(a-cro)d~ E 03)
into Eq. (6) gives 
which, on subtraction from M,-M(&, gives the change in magnetization AM,
where A(T=cT-q,. This gives the symmetric dependence of magnetization on stress. However, if M, is stress dependent, as is generally the case, then this stress dependence needs to be incorporated, as shown in Eq. (2), which leads to a more complicated integration. In practice, it has been found best under all conditions to simply evaluate Eq. (9) numerically using computer techniques.
Experimental results of Pitman18 exhibit the principal feature of interest, which is the AM vs ACT locus under compression (first an increase, and at higher compressive stress a decrease in M, under conditions close to, but slightly below, the anhysteretic). Then positive, or negative, changes in M with the same compressive stress, and under the same applied field, depending on whether the magnetization began well below, or well above, the anhysteretic.
The results of Craik and Wood8 were more diverse than those of Pitman, and in particular their results showed the essential asymmetry of the magnetization versus stress curves at higher stress levels. At small stress amplitudes of up to about to.5 kgmm-* (=4.9X106 Pa), the change in magnetization with stress was almost symmetric. Even up to +2 kg mm-" (19.6X lo6 Pa), the sign of the change was positive under both tension and compression; but, beyond -+3 kg mm-' (29.4X106 Pa), the change of magnetization with stress was negative under compression but positive under tension. A wide range of different behaviors of magnetization under stress was reported by Craik and Wood, showing asymmetry under tension or compression, and in which the amplitude of the changes was dependent on the strength of the constant applied magnetic field; however, because Craik and Wood did not measure the anhysteretic magnetization, the physical significance of the observed changes was not clear from their work.
In the work of Bi.rs~'~ it was found that for small changes in magnetization the magnetization versus stress curves were symmetric with respect to stress. For larger changes in magnetization, Birss reported similar findings to Craik and Wood: namely, a change in sign of the stress derivative under compression, leading to an asymmetric behavior.
The results of model calculations are shown in Figs. 2-4. It can be seen from the results of Fig. 2 at a field strength of 80 A/m that the slope of the curve of AM vs Au changes sign in the compressive region at about -100 MPa. This result is similar in behavior to the data of Craik and Wood, The results in Figs. 3 and 4 show that the change in magnetization is positive or negative, depending on whether the initial magnetization state is below or above the anhysteretic, respectively. The resultant curves here are in excellent agreement with the reported results of Pitman.l* This work was supported by the U.S. Department of Energy, Office of Basic Energy Sciences under Contract No. W-7405-Eng-82.
